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It is argued that Planck mass may be considered as a candidate for the mass content of degrees
of freedom of holographic screen. In addition, employing the Verlinde hypothesis on emergent
gravity and considering holographic screen degrees of freedom as a q-deformed fermionic system, it
is obtained that the heat capacity per degree of freedom inspires the MOND interpolating function.
Moreover, the MOND acceleration is achieved as a function of Planck acceleration. Both ultra-
relativistic and non-relativistic statistics are studied.
I. INTRODUCTION
The idea of Modified Newton dynamics (MOND the-
ory) is simple, Newtonian dynamics breaks down at low
accelerations, and therefore, a new constant is added to
physics, usually called MOND acceleration (≡ a0), [1–
6]. Based on MOND theory, the second law of New-
ton (F = ma) is modified as F = maµ˜(a/a0), where
µ˜
(
a/a0(≡ x)
)
is called the interpolating function which
should satisfy these conditions [1–4]:
µ˜(x)→
{1, x≫1 (Newtonian limit)
x, x≪1
(
deep MOND limit (DML)
),
d ln µ˜
d lnx
> −1. (1)
In this manner, Poisson equation is also modified as [4]
∇.[µ˜( |∇φ|
a0
)∇φ] = 4piGρ. (2)
As a consequence, MOND theory has ability to explain
the rotational curves of spiral galaxies and their constant
luminosity, which are related to each other based on the
Renzo Sancisi’s prediction [4, 6]. The first approxima-
tions, made by Milgorm, say a0 is of order of 10
−8 cm s−2
[2], and more studies claim that a0 = 1.2× 10−8 cm s−2
[5, 6].
Moreover, there is not any systematic way to find inter-
polating function. The only things respected are Eq. (1)
and compatibility with observations. On the other, de-
bates on the possible values of MOND acceleration is still
ongoing [7–11]. Indeed, while Medium-richness galaxy
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groups can help us in testing MOND at very low ac-
celerations, it seems that this theory can not solve the
problem of mass in galaxy clusters and also rich galaxy
groups [6]. The latter may be considered as a sign for this
hypothesis that the mass content of sample is important
in getting true interpolating function. In summary, it
would mathematically be worthwhile to introduce a sys-
tematic way for building interpolating function. In this
regard, it is addressed that the existence of a cutoff for
acceleration (a0) may be due to the quantum statistics
satisfied by the degrees of freedom distributed on holo-
graphic screen [12], or even, may be considered as a sign
of Debye gravity [13]. On the other, it is also shown that
MOND theory can be obtained if generalized statistics is
obeyed by the degrees of freedom of holographic screen
[14].
There are two distinct methods for investigating the
statistics and thermodynamics of intermediate states.
First method is based on Tsallis non-extensive statis-
tics [15], and in general, the generalized entropies [16].
In the second method, the deformed quantum algebras
are employed [17] leading to deformed thermostatistical
functions. Recently, the physical meaning of deforma-
tion parameters, generalized statistics and their impli-
cations have been tried to be understood by applying
these deformed functions to various phenomena such as
condensed matter physics, solid state physics, nuclear
physics, gravitation and related topics [14, 18–28].
Here, adopting the Verlinde hypothesis on the emer-
gence of gravity and spacetime [29], and additionally, by
relying on the above arguments, we are looking at the
holographic screen as a system obeying q-statistics and
study the predictions of this view about MOND and ad-
dress some related topics. In order to achieve our aim,
we begin with providing introductory notes on Verlinde
approach and q-statistics in the next two sections, re-
spectively. The effects of applying q-deformed fermion
statistics to holographic screen on MOND theory are also
studied in the forth section. The last section includes a
summary.
2II. VERLINDE GRAVITY
The essence of the Verlinde’s idea is that gravity is
no longer fundamental and it appears as an entropic
force (i.e. it emerges as the tendency of systems to in-
crease their entropy, in agreement with the second law of
thermodynamics) [29]. We consider a test particle with
mass mt. When this particle approaches the holographic
screen (it takes the distance ∆x = ~mtc from the holo-
graphic screen [29]), the change of entropy of the holo-
graphic screen is given by
∆S = 2pikB
mtc
~
∆x, (3)
where c is the speed of the light, and kB denotes Boltz-
mann constant. There is a relation between temperature
and acceleration as [30]
T =
1
2pi
~a
kBc
. (4)
For simplicity we consider energy units such that kB = 1
throughout this paper. The particle feels the force
F = T ∆S∆x = mta. Moreover, since holographic screen is
a two-dimensional hypersurface with radius R and area
A = 4piR2, the number of bits (N), distributed on it, is
calculated by
N =
Ac3
G~
≡ A
l2p
, (5)
where G and lp ≡
√
G~
c3 denote the Newtonian gravita-
tional constant and the Planck length, respectively. The
total energy of screen may be modelled by a one dimen-
sional Boltzmann gas [29]
E =
1
2
NT, (6)
which can also be found by using the mass (M) confined
to it as
E = Mc2. (7)
Using the Eqs. (4)-(7), the Newtonian gravity can finally
be obtained as
mta = T
∆S
∆x
→ a = GM
R2
. (8)
The classical relation (6), indeed a thermal energy,
plays a crucial role in getting the above result. Therefore,
according to Verlinde approach [29], gravitational effects
are related to the thermal excitations of the degrees of
freedom of holographic screen. Indeed, any modification
to thermal energy (6), corresponding to degrees of free-
dom, can affect Eq. (8). Indeed, because the origin of
holographic screen and its degrees of freedom are not
known, one may apply quantum statistics or generalized
statistics to its degrees of freedom to obtain modifications
to Eq. (6) and thus (8) [12, 14, 18–21].
III. q-DEFORMED FERMION GAS IN TWO
DIMENSIONS
In this study, we propose a q-deformed fermionic sys-
tem, which has crucial application [31], and for example,
in Refs. [24, 32] some thermostatistical properties are ex-
amined and the connection between fermionic q defor-
mation and thermal effective mass of a quasi-particle are
found out.
In terms of creation operator a∗, annihilation operator
a, and number operator Nˆ , the symmetric q-deformed
fermion oscillators algebra is defined as [22–24]
aa∗ + qa∗a = q−N , [Nˆ , a∗] = a∗, (9)
[Nˆ , a] = −a, a∗a = Nˆ , aa∗ = 1− Nˆ ,
where we have
[x] =
qx − q−x
q − q−1 , (10)
for the basic q-deformed quantum number. Here, q is real
deformation parameter, and the Jackson derivative and
mean occupation number are as
Dqxf(x) =
f(qx)− f(q−1x)
x(q − q−1) , (11)
and
fk,q =
1
2 ln q
ln
[
z−1eβεk + q
z−1eβεk + q−1
]
, (12)
respectively, in which exp(βµ) is used for the fugacity (z).
In this statistics, if the degrees of freedom of holographic
screen meet the ε = αps relation, then one can reach [24]
N =
gA
λ2
hη(z, q),
U =
ηgA
λ2
Thη+1(z, q), (13)
where λ = hα
1/s
π1/2T 1/s
[
Γ(2)
Γ(2/s+1)
]1/2
is the generalized ther-
mal wavelength [24] and η = 2s , for the number of degrees
of freedom and their energy content in two dimensions,
respectively.
3Defining y = βε and hi(z, q) =
1
Γ(n)
∫∞
0
yn−1
2 ln q
[
ln
( z−1 exp(y)+q
z−1 exp(y)+q−1
)]
dy, which denotes
the generalized Fermi integral, and by using Eq. (5), one
obtains
hη(z, q) =
λ2
gl2p
, (14)
as the equation which gives us fugacity z and thus chem-
ical potential corresponding to the degrees of freedom of
holographic screen. The same assumption is also obtain-
able in [12].
In order to bring out the remarkable properties of the
behavior of the q−deformed fermion gas model at low
temperatures, the generalized Fermi integral can be cal-
culated by using Sommerfeld expansion method. So, we
find
hn(z, q) =
(lnz)n
Γ(n+ 1)
[
1 + n(n− 1)pi
2
6
γ1(q)
1
(lnz)2
]
,(15)
up to the first order, in which
γn(q) =
∫∞
0
dy y
n
2 ln q ln
[
ey+q
ey+q−1
]
∫∞
0 dy
yn
ey+1
, (16)
satisfying γn(q) = 1 when q = 1. At high temperatures
and independent of the value of q, Eq. (13) leads to U =
ηNT and the Boltzmann gas is recovered [24].
The existence of minimum length (the Planck length
denoted by lp) signals us to think the holographic screen
degrees of freedom as two-dimensional entities [29] mean-
ing that each degree of freedom carries energy EHS ≃
∆E ≈ ~tp = ~clp combined with assumption E = mc2 to
reach m = mp, where tp and mp denote the Planck time
and the Planck mass, as the mass content of each degree
of freedom, respectively. In fact, if we accept lp as the
minimum length, then it will also be equal to the mini-
mum wave length (≡ λmin) meaning that E = ~cλmin = ~clp
is the energy of this wave. Hence, one can look at E as
the energy content corresponding to each degree of free-
dom with length lp (or equally, E = EHS) leading to the
previous result on mass obtained by relying on energy-
time uncertainty relation.
In Ref. [12], by looking at the spacetime degrees of free-
dom as a non-relativistic fermionic system with spin de-
generacy g = 1 and Fermi energy EF , author shows that
the heat capacity of the sample may evoke interpolating
function and thus MOND theory. Although author does
not say anything about the mass content of these degrees
of freedom, we saw that Planck mass is a probable candi-
date for it. This result can be combined with the MOND
acceleration of Pazy work (12cEFπ~ ) to reach
24√
π
ap where
ap denotes Planck acceleration, as the MOND acceler-
ation of Pazy. Therefore, although his pioneering work
opens a window towards a systematic way to find inter-
polating function, its estimation of acceleration is not
satisfactory unless we do not confine ourselves to Planck
mass by considering masses greater than Planck mass.
Mathematically, the Pazy’s work may be used to find
interpolating function, and by fitting its proposal to ob-
servations, one can find out some estimations for m and
MOND acceleration.
IV. MOND THEORY AS THE HEAT
CAPACITY OF HOLOGRAPHIC SCREEN
In fact, Eq. (4) claims that high temperature limit is
equivalent to the high acceleration limit, i.e. the terri-
tory of Newtonian physics (or equally, µ˜ = 1) compared
to the MOND physics (or equally, µ˜ 6= 1)) which becomes
dominant at low accelerations. Therefore, a true theory
(result) should cover the Newtonian gravity at high tem-
peratures (accelerations).
At low temperatures, Eq. (13) implies [24]
U = U0 +
pi2
6
ηγ1(q)N
T 2
εF
, (17)
where U0 =
η
η+1NεF is the ground state energy, and thus
the corresponding thermal energy is obtained as
U
(q)
th =
pi2
6
ηγ1(q)N
T 2
εF
, (18)
where, εF denotes the Fermi energy defined as
εF =
[
4pi~2αηN
gA
]1/η
=
ε0F
g1/η
, (19)
in which ε0F denotes the Fermi energy of the spin-less
sample (g = 1).
Eq. (18) can be inserted in Eq. (7), to reach
T 2 =
6Mc2εF
pi2ηγ1(q)N
, (20)
combined with Unruh relation (4), to get
a2 =
24Mc4εF
~2ηγ1(q)N
(21)
for acceleration recovering the result of Ref. [12] at the
limit of γ1(q = 1) = 1. Now, using (5) and (21), one
easily reaches at
a2 =
(
6cεF
~piηγ1(q)
)
G
M
R2
. (22)
4Comparing with the MOND equation [1–4, 12] and
Eq. (1), we easily see this limit is indeed DML (µ˜(x) = x)
that leads to
a
(
a
a0q
)
= G
M
R2
,
a0q =
6cεF
~piηγ1(q)
, (23)
and thus
as=20q =
6cεF
~piγ1(q)
, (24)
for η = 1 (s = 2), and
as=10q =
3cεF
~piγ1(q)
, (25)
for η = 2 (s = 1). In Ref. [12], considering NPazy =
A
2l2p
instead of Eq. (5) and applying a non-relativistic Fermi-
Dirac statistics (s = 2) to holographic screen, it has been
obtained that a0p = 12
cεF
π~ in agreement with the γ1(q =
1) = 1 limit of Eq. (24) (apart from a factor 2 due to
NPazy =
N
2 ).
Now, based on Verlinde hypothesis [29], the force ex-
perienced by the test particle with mass mt is calculable
by using
F = T
∆S
∆x
, (26)
combined with Eq. (4), F = mtaµ˜(a/a0q), and T∆S =
∆E = C∆T to reach
µ˜(a/a0q) =
C(a/a0q)
2pi
∆a
a
, (27)
whenever, (using Eq. (4)), a and a0q are defined as
2πcT
~
and
2πcT0q
~
, respectively, and C subsequently denotes the
heat capacity.
Bearing the first paragraph of this section in mind, and
in order to satisfy the Newtonian limit for which C = ηN ,
one should note that Eq. (27) leads to µ˜ = ηN2π
∆a
a that
should become equal to 1 (Newtonian limit for which
µ˜ = 1). This expectation yields ∆aa =
2π
ηN and thus
µ˜(a/a0q) =
C(a/a0q)
Nη
=
{C(a/a0q)
N , η=1
C(a/a0q)
2N , η=2
, (28)
a result in agreement with Ref. [12] that estimates µ˜ ≃
C
2NPazy
.
As we mentioned in the introduction, while Milgrom
found a0 is of order of 10
−8 cm s−2 [2], the case of
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FIG. 1: Interpolating function for ultra-relativistic formula-
tion.
a0 = 1.2 × 10−8 cm s−2 is the most probable [5, 6],
and indeed, the constancy (uniqueness) of the value of
MOND acceleration is still controversial [7–10]. On the
other, gravity is the result of the existence of mass (en-
ergy), and thus, the amount of mass is reflected in the
power of gravity. Hence, one may expect different values
of q for different samples with distinct mass content.
Ultra-relativistic case (α = c, s = 1)
In order to continue, we consider the η = 2 case, and
plot interpolating function for some values of q and g to
show the efficiency of idea. In this manner, from Eqs. (5)
and (19), we reach
ε0F =
√
4pi
~c
lp
=
√
4pi~c
G
c2 =
√
4pimp c
2 =
√
4piEp, (29)
where mp and Ep denote the Planck mass and energy,
respectively. Now, we can write
a0q =
3c
~piγ1(q)g
1
2
ε0F =
6
pi
1
2 γ1(q)g
1
2
ap,
5T0q =
~a0q
2pic
=
3
pi
3
2 γ1(q)g
1
2
Tp, (30)
in which ap =
√
c7
G~ ≃ 5.56 × 1051m/s2 denotes the
Planck acceleration, Tp = Ep is the Planck temperature,
and Eq. (4) has been employed to get the last line. Thus,
the value of MOND acceleration depends on the value of
q and g.
Let us consider a0q = a0 = 1.2 × 10−8 cm s−2 [5, 6],
and use (30) to obtain a constraint on the values of g(≡
g⋆ × 10122) and q as
γ1(q)(g
⋆)
1
2 =
6
pi
1
2 a0
ap ≃ 15.69. (31)
For the general case including unknown MOND acceler-
ation a0q [7], the above equation takes the form
γ1(q)g
1
2 =
6
pi
1
2 a0q
ap. (32)
Simple calculations also lead to
GM
r
= v2µ˜(
v2
ra0q
), (33)
for the velocity v of a particle moving under the effect of
source M .
If the value of MOND acceleration is constant, then
fitting (33) to observational data, and respecting con-
straint (31), simultaneously, one can find proper values
of g⋆ and q. On the other, if the value of MOND acceler-
ation is not constant and known, then this approach has
three free parameters including a0q, g and q, found out by
fitting (33) to observations and also using condition (32).
Such analysis can give us worthwhile info about g, q and
thus, the holographic screen nature.
Non-relativistic case
Here, α = 12m and s = 2 leading to ε
0
F = 2pi
E2p
mc2 , and
thus, if we accept our debate on the value of the mass
of the degrees of freedom distributed on the holographic
screen, presented in the introduction (or equally, m =
mp), then ε
0
F = 2piEp. We can also see
as=20q =
12
γ1(q)g
(
mp
m
)ap ⇒ as=20q =
12
γ1(q)g
ap
∣∣∣∣
m=mp
,
T s=20q =
~as=20q
2pic
=
6
piγ1(q)g
(
mp
m
)Tp
⇒ T s=20q =
6
piγ1(q)g
Tp
∣∣∣∣
m=mp
, (34)
leading to
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FIG. 2: Interpolating function for non-relativistic formula-
tion.
γ1(q)g =
12
a0
(
mp
m
)ap ⇒ γ1(q)g = 12ap
a0
∣∣∣∣
m=mp
, (35)
γ1(q)g =
12
as=20q
(
mp
m
)ap ⇒ γ1(q)g = 12 ap
as=20q
∣∣∣∣
m=mp
,
as the counterparts of Eqs. (31) and (32), respectively.
The counterpart of Eq. (33) is also easily obtained by
changing a0q with a
s=2
0q . Therefore, in comparison with
the ultra-relativistic case, here, we have a new free pa-
rameter m, if we do not accept the m = mp hypothesis.
Some primary solutions
In Fig. 1 (Fig. 2), the Ultra-relativistic (non-
relativistic) interpolating function has been plotted for
different values of q as well as g∗ (G∗ = g× 10−61 in non-
relativistic case) by considering a0q = 1.2 × 10−8 cm/s2.
In the non-relativistic case, we have considered m = mp.
It is clear that the overall behavior of interpolating func-
tion is in complete agreement with MOND conditions (1).
Our calculations show that i) the existence of Nη in the
denominator of (28) guarantees the satisfaction of the
Newtonian limit (µ˜(x ≫ 1) → 1), and moreover, ii) in
6the ultra-relativistic case and for q & 10, the interpolat-
ing function has a maximum at a certain value of x and
then tends to unity in such a way that the condition (1)
is satisfied. The maximum point occurs at q & 5 for
non-relativistic interpolating function. It is clear that,
compared to ultra-relativistic case, the Newtonian con-
dition is satisfied at smaller values of x meaning that
the corresponding interpolating function tends to µ˜ = 1
faster than the ultra-relativistic one.
V. CONCLUSION
Applying q-deformed fermionic statistics to the degrees
of freedom of holographic screen, and relying on the Ver-
linde hypothesis, we found out that MOND interpolating
function can be understood as the heat capacity per de-
gree of freedom of holographic screen. Consequently, i)
there are more free parameters than Ref. [12], useful if
one wants to fit the theory with various observations, and
ii) the classical statistics (the Boltzmann gas) does only
lead to Newtonian gravity, because its heat capacity per
degree of freedom is constant.
On the other, it is also seen that the MOND accelera-
tion is a function of Planck acceleration, and additionally,
Planck mass may be accepted as a candidate for the mass
content of each degree of freedom of holographic screen.
Therefore, in general, our approach has two (three) free
parameters in ultra-relativistic (non-relativistic) case in-
cluding q and g (q, g, and m), if we do not limit ourselves
to a special MOND acceleration [7–11] and m (in non-
relativistic case). In both cases, any restrictions on the
value of MOND acceleration (such as accepting a value
for it [6]) leads to eliminate one of the parameters q and g
with the help of Eqs. (32) and (35) in favor of the other.
It is finally worthwhile to mention that since a
fermionic system has been focused, g should be even.
Of course, this condition is satisfied in our plots, but
proper curves are obtained for very huge amounts of g.
Indeed, until we get a comprehensive (at least a better)
understanding of holographic screen, we can not say any-
thing about the allowed even values of g. On the other, if
we look at the results only as the mathematical functions
that meet the MOND requirements (1), then we can even
consider odd values for g to achieve a better fitting with
observations.
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